Abstract. We initiate the study of compact group actions on C*-algebras from the perspective of model theory, and present several applications to C*-dynamics. Firstly, we prove that the continuous part of the central sequence algebra of a strongly self-absorbing action is indistinguishable from the continuous part of the sequence algebra, and in fact equivariantly isomorphic under the Continuum Hypothesis. As another application, we present a unified approach to several dimensional inequalities in C*-algebras, which is done through the notion of order zero dimension for an (equivariant) *-homomorphism. Finiteness of the order zero dimension implies that the dimension of the target algebra can be bounded by the dimension of the domain. The dimension can be, among others, decomposition rank, nuclear dimension, or Rokhlin dimension. As a consequence, we obtain new inequalities for these quantities.
Introduction
The use of (central) sequence algebras in the theory of operator algebras has a long history, dating back to McDuff's characterization of factors which absorb the hyperfinite II 1 -factor with separable predual R, as those whose central (W*-)sequence algebra contains a unital copy of R [55] . Applications in the context of C*-algebras are both abundant and far-reaching, and they often appear in connection with classification of C*-algebras. For instance, the fact that the central (C*-)sequence algebra (with respect to a nonprincipal filter) of a Kirchberg algebra is purely infinite and simple is a major cornerstone in the work of Kirchberg and Phillips [49] , which is the starting point of the classification of Kirchberg algebras; see [47] and [58] .
Another major application of central sequence algebras has been to the theory of strongly self-absorbing C*-algebras [67] , which have become a fundamental part of Elliott's classification programme of nuclear C*-algebras. Indeed, the tight connections that strongly self absorbing C*-algebras have with classification, have prompted a deeper study of ultrapowers and (central) sequence algebras. In this context, the use of model-theoretic methods has become predominant [16, 18, 19, [21] [22] [23] . The most prominent features of ultrapowers are model-theoretic in nature, and include what model theorists usually refer to as Los' theorem and countable saturation. Even though relative commutants do not have a satisfactory model-theoretic analog, it is shown in [20] that for a strongly self-absorbing C*-algebra, its ultrapower and its relative commutant are indistinguishable, and in fact isomorphic assuming the Continuum Hypothesis (CH).
Ultrapowers (and relative commutants) have also been a crucial tool in the study of group actions on operator algebras. They have been used in the classification of amenable group actions on the hyperfinite II 1 -factor by Connes [14] , Jones [43] and Ocneanu [57] . In their proofs, a crucial step is to show that any outer action admits equivariant embeddings of matrix algebras into its relative commutant, a condition that is now known as the Rokhlin This represents a satisfactory parallel with the {0, 1, ∞}-type behaviour that nuclear dimension and decomposition rank tend to have in the noncommutative setting. It is also particularly satisfactory, since proving finiteness of the Rokhlin dimension with commuting towers is a far easier task than proving that the Rokhlin dimension is (at most) 1. In the particular case when A is a commutative unital C*-algebra C (X) for some compact Hausdorff space X, such a result can be seen as a dynamical version of the main result of [66] , which states that dr(C(X) ⊗ Z) ≤ 2.
Finally, we also prove that finite Rokhlin dimension with commuting towers implies the Rokhlin property for finite group actions on UHF-absorbing C*-algebras.
Theorem. Let G be a finite group, let A be an M |G| ∞ -absorbing C*-algebra, and let α : G → Aut(A) be an action with finite Rokhlin dimension with commuting towers. Then α has the Rokhlin property. This in particular applies to Cuntz algebras of the form O n|G| .
Again, this is very relevant from a computational point of view: proving directly that an action has the Rokhlin property is often challenging, and there are not many tools available. On the other hand, Rokhlin dimensional estimates are much easier to come by, particularly for finite groups. Having access to the Rokhlin property is highly valuable, since it entails classifiability of the action, and the structure of the crossed product is extremely well-understood (see, for example, [29] ).
We include an appendix, containing the relevant notions and results from model theory that are used in this paper; see also the appendix of [33] . A quick introduction to logic for metric structures can be found in [6] , and as it pertains to C*-algebras in [53] , while [19] is a more complete reference for the model-theoretic study of C*-algebras.
The model-theoretic perspective is crucial to our approach, as it allows us to isolate the semantic content of properties of G-C*-algebras and equivariant embeddings, such as the Rokhlin property, Rokhlin dimension, Gequivariant sequentially split *-homomorphism (in the terminology of [4, 5] ), G-equivariant order zero dimension (introduced here). In turn, this is the fundamental ingredient to effortlessly deduce preservation results from the semantic characterizations of regularity properties of C*-algebras obtained in [19, 36] , subsuming, simplifying, and generalizing many results from the literature. The realization that the "continuous part of the ultrapower" of a G-C*-algebra is just its ultrapower as an L C* G -structure allows us to clarify its properties, including saturation and Los' theorem, which are here deduced from general model-theoretic facts. This subsumes and technically simplifies the proof of many particular instances that had previously appeared in the literature. We then crucially use the full strength and semantic content of saturation and Los' theorem in the proof of our main results. The model-theoretic study of G-C*-algebras, including the notion of first-order theory, is also fundamental in our study of strongly self-absorbing G-C*-algebras. Particularly, we show that the first-order theory provides a complete invariant (up to isomorphism) for such G-C*-algebras. This is the crucial step in our computation of the Borel complexity of the classification problem for strongly self-absorbing G-C*-algebras.
For the rest of the paper, G will be a second countable compact group. We denote by C(G) the unital C*-algebra of continuous, complex-valued function on G. The multiplication operation on G induces a unital *-homomorphism ∆ : C(G) → C(G × G) ∼ = C(G) ⊗ C(G) given by ∆(f )(s, t) = f (st) for f ∈ C(G) and s, t ∈ G. A unitary representation π ∈ Rep(G) on a finite-dimensional Hilbert space H defines the subspace of matrix units for π. C(G) π = { ξ, π(f )η : ξ, η ∈ H, f ∈ C(G)} .
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2. Languages for C*-algebras 2.1. The ordered selfadjoint operator space language. An ordered selfadjoint operator space, as defined in [8, 62] , is a matricially normed and matricially ordered * -vector space that admits a selfadjoint completely isometric complete order embedding into a C*-algebra. Concretely, one can defined an ordered selfadjoint operator space as a selfadjoint closed subspace of B(H) with the inherited matricial norms, matricial positive cones, and involution. Ordered selfadjoint operator spaces have been abstractly characterized in [62, 63, 68] , and further studied in [8, 9, 44, 45, 56, 69] . For ordered operator spaces X and Y , we denote by CPC(X, Y ) the set of all selfadjoint completely positive completely contractive linear maps X → Y . (Observe that in an ordered selfadjoint operator space the matrix positive cones are not necessarily spanning. Therefore a completely positive linear map on an ordered operator space is not necessarily selfadjoint. ) An ordered selfadjoint operator space X can be naturally seen as a structure in the language L osos that contains
• sorts M n (X), with n ∈ N, for the matrix amplifications of the space X, with balls centered at the origin as domains of quantification; • a sort for each finite-dimensional C*-algebra F , with balls centered at the origin as domains of quantification;
• function symbols for the vector space operations and the involution in X and F ;
• predicate symbols for the norms in M n (X) and in F ;
• predicate symbols for the distance function from the cone of positive elements in M n (X) and in F ;
• predicate symbols for the function F k × X k → R given by (y, z) → inf t∈CPC(F,X) max j=1,...,k t(y j ) − z j .
We call such a language the ordered selfadjoint operator space language L osos . Observe that the L osos -terms can be seen as degree 1 matrix *-polynomials without constant terms. These are expressions of the form α * 1 x 1 β 1 + · · · + α * n x n β n + γ * 1 x * 1 δ 1 + · · · + γ * n x * n δ n where n is a positive integer, α j , β j , γ j , δ j , for 1 ≤ j ≤ n, and are scalar matrices It is clear that a function between ordered selfadjoint operator spaces is an L osos -morphism if and only if it is selfadjoint, completely positive and completely contractive, and it is an L osos -embedding if and only if it is a selfadjoint completely isometric complete order embedding. In particular, any C*-algebra can be seen as an L osos -structure in the obvious way, by considering its canonical matrix norms and matrix positive cones. It is observed in [36, Appendix C] , [19, Section 3 and Section 5] that all the predicates above are definable in the usual language of C*-algebras as considered in [19, 22] .
An operator system is a closed, selfadjoint subspace X ⊂ A of a unital C*-algebra that contains its unit. The operator system language L osy is obtained from the ordered operator space language by adding a constant symbol for the unit in X. The L osy -terms can be seen as degree 1 matrix *-polynomials with a constant term.
2.2.
The order zero language. If A, B are C*-algebras, we denote by OZ(A, B) the space of completely positive contractive order zero maps A → B. The order zero language L oz for C*-algebras is obtained from L osos by adding, for any finite-dimensional C*-algebra F and any k ∈ N, a predicate symbol to be interpreted as the function
It is proved in [19, Section 5.2] that such functions are definable in the usual language of C*-algebras as considered in [19, 22] . This follows from the structure theorem for completely positive contractive order zero maps [71, Corollary 4.1] and stability of the relations defining cones of finite-dimensional C*-algebras [52, Section 3.3] . A C*-algebras can be seen as an L oz -structure in the obvious way. Let A and B be C*-algebras and let f : A → B be a function. Then f is an L oz -morphism if and only if f is a completely positive contractive order zero map.
Remark 2.1. In the order-zero language one can express the fact that a pair (a 1 , a 2 ) of elements of a C*-algebra A are (almost) orthogonal. Indeed one can consider the canonical basis elements (e 1 , e 2 ) of C ⊕ C and the formula ϕ(e 1 , e 2 , x 1 , x 2 ) defined by inf
We have that if ϕ(e 1 , e 2 , a 1 , a 2 ) < ε, then a 1 a 2 < 2ε. Conversely, for every ε > 0 there exists δ > 0 such that if a 1 , a 2 are positive contractions such that a 1 a 2 < δ, then ϕ(e 1 , e 2 , a 1 , a 2 ) < ε.
2.3.
The C*-algebra language. The C*-algebra language L C* is obtained from L osos by adding a function symbol for the multiplication operation in M n (A), for every n ∈ N. Similarly, the unital C*-algebra language L 1,C* is obtained from L C* by adding a constant symbol for the unit. Observe that the terms in L 1,C* (respectively, L C* ) can be canonically identified with matrix *-polynomials with (respectively, without) constant term. A matrix *-polynomial is a linear combination of expressions of the form X 1 · · · X n where X j , for j = 1, . . . , n, is either a scalar matrix, or x or y * for some variable x, y. A function between C*-algebras is an L C* -morphism (L : real rank zero, stable rank at most n, quasidiagonality, simplicity, being simple and purely infinite, being simple and TAF, being abelian of real rank at most n. Considering unital C*-algebras and positive existential L 1,C* -formulas gives approximate divisibility.
Remark 2.3. The following properties of C*-algebras have been proved to be definable by a uniform family of existential positive L C* -formulas among separable C*-algebras in [19, Theorem 2.5.1 and Theorem 5.7.3]: being UHF; being AF; being D-absorbing for a given strongly self-absorbing C*-algebra D; and being K-absorbing-also called stable-where K is the algebra of compact operators.
2.4. The nuclear languages. The nuclear ordered selfadjoint operator space language L osos-nuc is obtained from L osos by adding, for every k ∈ N and every finite-dimensional C*-algebra F , a predicate symbol for the function
It is proved in [19, Section 5] that such a function is definable in the language of C*-algebras considered in [19, 22] . In the proof of Lemma 2.4, we will need the following version of the Choi-Effros lifting theorem: if A, B are C*-algebras, A is separable, f : A → B is a nuclear completely positive contractive map, E ⊂ A is a finite-dimensional subspace, and ε > 0, then there exists a completely positive contractive map η : f (A) → A such that f • η is the identity map on f (A), and (η • f )(x) − x < ε x for all x ∈ E. When A, B, and f are unital, this is a consequence of the Choi-Effros lifting theorem for operator systems; see [13, Lemma 3.8 Lemma 2.4. Let A and B be C*-algebras, and let f : A → B be a function. Consider the following assertions:
(1) f is a nuclear completely positive contractive map; (2) f is an L osos-nuc -morphism; (3) f is a completely positive contractive map.
Then (1)⇒(2)⇒(3), and they are all equivalent if either A or B is nuclear.
Proof. The implication (1)⇒(2) uses the Choi-Effros lifting theorem as stated above. The proof is the same as the proof that nuclearity passes to quotients and that decomposition rank and nuclear dimension are nonincreasing under quotients; see [70, §2.9] , [50, Section 3] , and [72, Proposition 2.3] . The implication (2)⇒(3) is obvious. Finally, if either A or B are nuclear, then any completely positive contractive map f : A → B is nuclear, which gives (3)⇒(1).
The nuclear order zero language L oz-nuc and the nuclear C*-algebra language L C*-nuc , are defined as above starting from L oz and L C* , respectively. It follows from Lemma 2.4 that any nuclear completely positive contractive order zero map (nuclear *-homomorphism) between C*-algebras is an L oz-nuc -morphism (L C*-nuc -morphism), and the converse holds for nuclear C*-algebras.
It is proved in [19, Section 5] that any predicate that is definable in L C*-nuc is also definable in L C* . However, considering the larger language L C*-nuc gives a more generous notion of (positive) existential formula.
Remark 2.5. The following properties of C*-algebras are definable by a uniform family of existential positive L C*-nuc -formulas (see [19, Section 5] ): nuclearity, having nuclear dimension at most n, and having decomposition rank at most n.
2.5.
Actions of groups on C*-algebras. Denote by Aut(A) denote the group of automorphisms of A, endowed with the topology of pointwise convergence. An action of G on a C*-algebra A is a (strongly) continuous group homomorphism α : G → Aut(A). An action of G on A can be regarded as an injective nondegenerate *-homomorphism
defined by α(a)(g) = α g −1 (a) for all g ∈ G and all a ∈ A. With respect to the identification C(G, A) ∼ = C(G) ⊗ A, such a map satisfies the identity (∆ ⊗ id) • α = (id ⊗ α) • α. This identity characterizes the injective nondegenerate *-homomorphisms that arise from actions as above. Definition 2.6. A G-C*-algebra is a C*-algebra endowed with a distinguisued action of G.
An irreducible representation π of G on a finite-dimensional Hilbert space defines a subspace A π of A, called π-isotypical component or π-spectral subspace, given by
In the particular case when π is the trivial representation, one obtains the fixed point algebra A G . It is explained in [33, Section 3.4] how G-C*-algebras can be seen as structures in the logic for metric structures with respect to the language L C* G , which is the language obtained from the language of C*-algebras L C* by replacing the sort for the C*-algebra with sorts indexed by Rep(G), to be interpreted as the isotypical components. Furthermore, one adds function symbols to be interpreted as the restriction of the action to the isotypical components, regarded as maps
For each language for C*-algebras L that we considered above, one can consider the corresponding G-equivariant version L G , which can be obtained from L exactly as L C* G is obtained from L C* . In the following, if A is a C*-algebra, and F is a filter over a set I, then we let F A be the corresponding reduced product. When A is a G-C*-algebra, F A is endowed with the canonical coordinate-wise action of G. We let G F A be the subalgebra of a ∈ F A such that the map g → g F A a is continuous. This is a G-C*-algebra, which can be identified with the reduced product of A with respect to F when regarded as a structure in the langusge of G-C*-algebras L C* G ; see [33, Proposition 3.12] . It is worth noticing that G F A is in general different from F A for a G-C*-algebra A, even in the case when F is an ultrafilter over N, as the next example shows.
Example 2.7. The canonical inclusion of C (G) inside G U C (G) is surjective for any ultrafilter U. However, the inclusion of C(G) in the (nonequivariant) C*-algebra ultrapower U C(G) is in general strict. For example, if G = T and u ∈ C(T) is the canonical unitary generator, then the element [u n ] of U C(T) with representative sequence (u n ) n∈N does not belong to C(T), since the canonical action of
It follows that C(T) = T U C(T) is properly contained in U C(T). 2.6. Languages for A-bimodules. Let A and B be C*-algebras. Then B is an A-bimodule if it is endowed with linear maps b → a · b and b → b · a for a ∈ A, satisfying max { a · b , b · a } ≤ max { a , b } as well as the natural associativity requirements. When A, B are G-C*-algebras, then we say that B is a G-equivariant A-bimodule if it is an A-bimodule satisfying (g
We let L C*,A-A be the language obtained from L C* by adding symbols for the A-bimodule structure. Similar definitions apply to the other languages for C*-algebras considered above. The interpretation of an L C*,A-A -formula in a A-bimodule is defined in the obvious way.
2.7. The Kirchberg language. Fix a C*-algebra A. In this subsection, we define the Kirchberg language L K (A), which fits into the more flexible setting described in Subsection A.4. This language is obtained from L C* by replacing the symbols for the matrix norms with pseudometric symbols d F for every finite set F in the unit ball of A. The distinguished collection t c A (x) of positive quantifier-free conditions that is part of the language L K (A) consists of the conditions max a∈F ax − xa = 0 for every finite subset F of the unit ball of A.
One can regard A as an L K (A)-structure by interpreting d F on M n (A) as the pseudometric
Suppose that U is an ultrafilter. Then the reduced power of A as an L K (A)-structure is equal to the Kirchberg invariant F U (A) as introduced by Kirchberg in [48] ; see also [1] . Considering reduced powers instead of ultrapowers yields the generalization of the Kirchberg invariant to arbitrary filters considered in [4, 64] . In the following, we denote by t
Let κ be an infinite cardinal that is larger than the density character of A, and let F be a countably incomplete κ-good filter. (When A is separable, one can take any countably incomplete ultrafilter.) Considering an approximate unit for A shows that F F (A) is unital. Let t(x 1 , . . . , x n ) be a positive primitive quantifier free
. . , x n ) is defined as follows. Any condition in t(x) should be replaced with all the conditions obtained by substituting every occurrence of a basic formula of the form p(x) , for some *-polynomial p with constant term, with the basic formula b p(x) , where b is some element of the unit ball of A.
Remark 2.8. It follows from Remark A.10 that the following statements are equivalent:
(
Various results from [48] can be seen as consequences of Remark 2.8. Suppose now that A is a G-C*-algebra. Then one can consider A as an L (
Similar conclusions hold if one replaces filters with ultrafilters, and positive primitive quantifier free types with arbitrary quantifier free types.
Strongly self-absorbing G-C*-algebras
In this section, we exhibit some applications of model theory to strongly self-absorbing actions on C*-algebras, as introduced and studied in [64, 65] . We regard G-C*-algebras as structures in the language of
G -morphism between G-C*-algebras is a G-equivariant *-homomorphism, and an L C* G -embedding is an injective G-equivariant *-homomorphism. If A and B are G-C*-algebras, then we denote by A ⊗ B the minimal tensor product of A and B endowed with the continuous G-action defined by g
G -existential injective *-homomorphisms. An injective *-homomorphism θ : A → M between separable G-C*-algebras is G-equivariantly sequentially split, in the sense of [4, Definition 3.3] , if and only if it is positively L C* G -existential, as defined in Subsection A.2. For arbitrary G-C*-algebras, the notion of positively L C* G -existential injective *-homomorphism is more generous than being G-equivariantly sequentially split.
In the case of a compact group G, Theorem A.7 applied to G-C*-algebras recovers [ (2), (3), (4), (5), (7), (11) , the first part of (12), the first half of (14) , and (16) Proof. Without loss of generality, we can assume that A, B are separable. After unitizing, we can assume that A, B are unital, f is unital, and f is a positively L C*,1 -existential injective *-homomorphism. We identify A with its image under f . Fix selfadjoint elements a 0 , . . . , a n ∈ A and ε > 0. Since B has real rank at most n, there exist selfadjoint
n is invertible, and a i − b i < ε for every i = 0, 1, . . . , n. Since the inclusion A ⊂ B is a positively L C*,1 -existential *-homomorphism, we can conclude that there exist selfadjoint elements c 0 , . . . , c n ∈ A such that c 2 0 + · · · + c 2 n is invertible, and c i − a i < ε for every i = 0, 1, . . . , n. 3.2. Commutant existential theories. The notion of weak containment and weak equivalence are introduced in the general setting of logic for metric structures in Subsection A.1. In this section we consider, in the case of G-C*-algebras, the natural commutant analogs of such notions. Suppose that A, B are G-C*-algebras. We say that A is commutant positively weakly contained in B if for some (equivalently, any) cardinal κ larger than the density character of A and B and for some (equivalently, any) countably incomplete κ-good filter F on has that every L
. Equivalently, for any unital G-C*-subalgebra C of F F (A) of density character less than κ there exists a G-equivariant injective unital *-homomorphism from C to Suppose that A is a G-C*-algebra, and let t 
The notions of commutant weak containment and commutant existential theory are defined analogously, considering arbitrary (not necessarily positive primitive) quantifier-free L 1,C* G -types. 3.3. Space of separable nuclear G-C*-algebras and smooth classification. We now observe that there exists a natural standard Borel space of separable nuclear G-C*-algebras. Indeed, by Kirchberg's nuclear embedding theorem [60, Theorem 6.3.12] , any separable nuclear C*-algebra is *-isomorphic to the range of a conditional expectation on O 2 . Given such a conditional expectation E, set A = E(O 2 ). Write CPC(O 2 ) for the semigroup of all completely positive contractive maps of O 2 into itself, endowed with the topology of pointwise convergence in norm. Given an action α : G → Aut(A), one can define a continuous function (1) and (2), arises from a continuous action of G on the range of E, as described above.
Observe that CPC(O 2 ) is a Polish space when endowed with the topology of pointwise convergence. Similarly, the space Exp(O 2 ) of conditional expectations defined on O 2 is a Polish space when endowed with the topology of pointwise convergence. (This can be seen for instance by observing that conditional expectations onto a given C*-subalgebra are precisely the idempotent maps of norm 1 mapping onto that C*-subalgebra [7, Theorem II.6.10.2] .)
The space G-C * ALG of pairs (E, ρ) arising from a continuous action of G on the image of E, is a G δ subset of the space Exp(O 2 ) × CPC(O 2 ), hence a Polish space with the induced topology; see [46, Theorem 3.11] . We will regard G-C * ALG as the Polish space of separable nuclear G-C*-algebras. For an element (E, ρ) ∈ G-C * ALG, we write C * (E, ρ) for the associated G-C*-algebra. It is easy to see, by induction on the complexity, that any L
In other words, the L C* G -theory of a separable nuclear G-C*-algebra can be computed in a Borel fashion in the parameterization G-C * ALG of G-C*-algebras. This allows one to conclude the following. G -equivalence. An introduction to the theory of Borel complexity of equivalence relations can be found in [25] . Similar conclusions hold for unital C*-algebras and (positive) weak L 1,C* G -equivalence.
3.4.
Strongly self-absorbing G-C*-algebras. We continue to fix a compact group G. Let A and B be G-C*-algebras and let η 1 , η 2 : A → B be unital G-*-homomorphisms. By M(B) we denote the multiplier algebra of B, which is endowed with a canonical strictly continuous G-action. Then η 1 and η 2 are said to be G-unitarily equivalent if there exists a unitary element u in M(B)
G such that Ad(u) • η 1 = η 2 . Similarly, we say that η 1 and η 2 are approximately G-unitarily equivalent if there exists a net (u i ) i∈I of unitaries in M(B)
G such that (Ad(u i ) • η 1 ) i∈I converges pointwise to η 2 Definition 3.4. The G-C*-algebras (A, α) and (B, β) are said to be:
We say that A is G-equivariantly B-absorbing if A ⊗ B is cocycle conjugate to B.
Definition 3.5. A G-C*-algebra D is said to have approximately G-inner half-flip, if it is unital and the canonical
Observe that if D has approximately G-inner half-flip, then it has approximately inner half-flip as a C*-algebra. Similarly, if D is a strongly self-absorbing G-C*-algebra, then D is strongly self-absorbing as a C*-algebra. Recall that any unital C*-algebra D with approximately inner half-flip is automatically simple, nuclear, and has at most one trace; see [17] .
The following remark will be used repeatedly and without further reference. Thus, when working with strongly self-absorbing actions, we will mostly use conjugacy as the relevant equivalence relation, keeping in mind that it is equivalent to cocycle conjugacy.
The proof of the following theorem follows closely arguments from [20] . (
Proof. Let θ 1 : D → C be a G-equivariant unital *-homomorphism. Assume first that the ranges of θ and
. Considering the unitaries Θ(u n ), for n ∈ N, and applying the fact that A is countably positively quantifier-free L 1,C* G -saturated, we obtain a unitary u ∈ C G satisfying Ad(u) • θ = θ 1 . In the general case, when the ranges of θ and θ 1 do not necessarily commute, we may find a unital G-equivariant *-homomorphism θ 2 : D → C whose range commutes with those of θ and θ 1 . By the argument above, it follows that θ 2 is G-unitarily equivalent to both θ and θ 1 , so (1) follows.
We prove (2) and (3) simultaneously. Let us identify D with its image under θ. Suppose that a is a tuple in
, as desired. The argument above shows that for any separable G-C*-subalgebra B of C and finite tuple b in C there exists a unitary u in the fixed point algebra of C such that u ∈ B ′ ∩ C and u * bu ∈ D ′ ∩ C. One can then apply the intertwining argument of [20, Theorem 2.11] to get (4).
Corollary 3.8. Suppose that D is a separable G-C*-algebra with approximately G-inner half-flip, and F is a countably incomplete filter. Let A be a separable unital G-C*-algebra, and let θ : 
Remark 3.9. Theorem 3.7 and Corollary 3.8 generalize [20, Theorem 1, Theorem 2, Corollary 2.12] in two ways: they extend them to the G-equivariant setting, and they remove the unnecessary assumption on the filter F that the corresponding reduced product be countably saturated. An example of a countable incomplete filter over N that does not satisfy such an assumption is provided in [20, Example 3.2] .
Suppose now that D is a strongly self-absorbing G-C*-algebra. Observe that for any separable G-C*-algebra A and any countably incomplete filter F , the following assertions are equivalent:
(1) D is commutant weakly contained in A (2) D is positively commutant weakly contained in A,
We deduce the following rigidity result for strongly self-absorbing G-C*-algebras. The equivalence of (2) and (3) in Proposition 3.10 is due to the fact that if D is a strongly self-absorbing C*-algebra, then any injective *-homomorphism η : D → U D, where U is an ultrafilter over N, admits a lift (η n ) n∈N consisting of automorphisms of D.
Proposition 3.10 can be seen as the equivariant analogue of [20, Theorem 2.16, Corollary 2.17]. We would like to remark, however, that Proposition 3.10 is in principle somewhat more surprising than its nonequivariant counterpart. Indeed, while there are only very few known strongly self-absorbing C*-algebras (and it is indeed currently known to be complete under additional regularity assumptions on the algebra), there seem to exist a greater variety of strongly self-absorbing actions on C*-algebras. For instance, for a fixed compact group G and a fixed strongly self-absorbing C*-algebra D, there may exist multiple (non cocycle equivalent) strongly self-absorbing actions on D. In fact, a complete list of all strongly self-absorbing actions is at the moment far out of reach.
The following consequence of Corollary 3.8 seems worth isolating.
Corollary 3.11. Let D be a strongly self-absorbing G-C*-algebra, let A be a separable unital G-equivariantly D-absorbing G-C*-algebra, let F be a countably incomplete filter, let θ : 
Using the results above, one can provide the following model-theoretic characterization of strongly self-absorbing G-C*-algebras, which in the nonequivariant setting is [20, Theorem 2.14]. (Recall that when G is compact, the notions of strongly self-absorbing G-C*-algebra and strongly self-absorbing G-C*-algebra coincide.) 3.5. Limiting examples. We have shown in Proposition 3.10 that, for any second countable locally compact group G, the classification problem for strongly self-absorbing G-actions on C*-algebras is smooth in the sense of Borel complexity theory. In this subsection, we observe that the same is not true for the broader class of G-actions with approximately G-inner half-flip, even if one only considers actions of Z 2 := Z/2Z on the C*-algebra O 2 . The notion of complete analytic set can be found in [46 [42, Lemma 4.7] . Such an action was used in [34] to prove that the relations of conjugacy and cocycle conjugacy of Z 2 -actions on O 2 are complete analytic sets, when regarded as subsets of Act Z2 (O 2 ) × Act Z2 (O 2 ). Precisely, it is proved in [34] , relying on a construction of Rørdam from [59] , that there exists a Borel map assigning to each uniquely 2-divisible torsion-free countable abelian group Γ a Kirchberg algebra A Γ satisfying the Universal Coefficient Theorem, with trivial K 1 -group, K 0 -group isomorphic to Γ, and zero element of K 0 (A Γ ) corresponding to the unit of A Γ . Denote by ι AΓ the trivial Z 2 -action on A Γ . Then the function Γ → α Γ := ν ⊗ ι AΓ provides a Borel reduction from the relation E of isomorphism of uniquely 2-divisible torsion-free countable abelian groups to the relations of conjugacy and cocycle conjugacy of Z 2 -actions on O 2 . It is furthermore shown in [34] , modifying an argument of Hjorth from [41] , that E is a complete analytic set. Furthermore, if F is the relation of isomorphism within a class of countable structures, and if F is Borel, then F is Borel reducible to E (but not vice versa). It was furthermore observed in [34] that, for any uniquely 2-divisible torsion-free countable abelian group Γ, the action α Γ has Rokhlin dimension 1, and is approximately representable.
We claim that α Γ has approximately Z 2 -inner half-flip. To see this, it is enough to observe that the Z 2 -action ν on O 2 (corresponding to the case when Γ is trivial) is strongly self-absorbing. This follows from the fact that ν is constructed as the infinite tensor product n∈N Ad(u), where u is a unitary element of O st ∞ , using the identification
∞ is a C*-algebra with approximately inner half-flip, one can deduce from [65, Proposition 5.3] that ν is strongly self-absorbing. Since α Γ is the tensor product of a strongly selfabsorbing action (namely, ν) with an action with approximately Z 2 -inner half-flip (namely, ι AΓ ), it follows that α Γ has approximately Z 2 -inner half-flip. This proves the claim.
Using these observations, and considering the fact that the set of Z 2 -actions on O 2 with approximately Z 2 -inner half-flip is analytic, the result follows.
Clearly, similar conclusions hold for G-actions on O 2 for any countable discrete group G with a quotient of order 2, such as the group of integers. This can be seen by regarding a Z 2 -action as a G-action in the canonical way.
Order zero dimension and Rokhlin dimension
4.1. Order zero dimension. The notion of positive weak L-containment between L-morphisms can be defined in the general setting of logic for metric structures; see Subsection A.2. For G-C*-algebras, one has the following: a G-equivariant *-homomorphism θ : A → B is positively weakly L C* G -contained in another G-equivariant *-homomorphism f : A → C if for any separable subalgebras A 0 ⊂ A and B 0 ⊂ B such that θ(A 0 ) ⊂ B 0 , and for some (equivalently, any) countably incomplete filter F , there exists a G-equivariant *-homomorphism γ :
Various equivalent formulations of this notion can be found in Subsection A.2.
We now present natural generalizations of positive weak L C* G -containment where instead of a single *-homomorphism one considers a tuple of completely positive contractive order zero maps. Whenever f : A → B is a G-equivariant *-homomorphism, we will regard B as a G-equivariant A-bimodule, as defined in Subsection 2.6. (1) Let θ 0 : A → B and θ 1 : B → C be G-equivariant *-homomorphisms between G-C*-algebras. Then
For λ ∈ Λ, denote by
Let θ : A → B is a G-equivariant completely positive contractive order zero map. We recall that by [30, Proposition 2.3], there is a naturally induced completely positive contractive order zero map A ⋊ G → B ⋊ G between the crossed products, which we will denote in the following by θ. If θ is a *-homomorphism, then θ is a *-homomorphism as well. If θ is an A-A-bimodule morphism, then θ is an A-A-bimodule morphism as well.
Lemma 4.5. Let A and B be G-C*-algebras and let θ :
Proof. Observe that if A is a G-C*-algebra and F is a countably incomplete filter, then there exists a canonical *-homomorphism
in view of the universal property of the full crossed product; see [28] . This, together with the remarks above, proves the first assertion. The second assertion can be proved similarly observing that A G is positively quantifier-free L C* G -definable. We also consider the following strengthening of the notion of d-containment. Definition 4.6. Let A, B, and C be G-C*-algebras of density character less than κ, and let θ : A → B and f : A → C be G-equivariant *-homomorphisms. We say that θ is G-equivariantly d-contained in f with commuting towers if for some (equivalently, any) κ-good filter F , there exist G-equivariant completely positive contractive order zero A-bimodule maps ψ 0 , . . . , ψ d : B → G -theory of a G-C*-algebra has been introduced in Subsection 3.2. In this section, we consider d-dimensional generalizations of such a notion. We will regard (not necessarily unital) C*-algebras as structures in the Kirchberg language introduced in Subsection A.4. This will allow us to formulate a definition applicable in both the unital and the nonunital settings. We will denote by dim Rok (A) the Rokhlin dimension of a G-C*-algebra A, and by dim c Rok (A) the Rokhlin dimension with commuting towers of A. We point out that Rokhlin dimension has recently been generalized to R-actions (flows) in [38] .
In Proposition 4.14, we will observe that there exists a relationship between the notion of G-equivariant order zero dimension of a G-equivariant *-homomorphism introduced in Subsection 4.1, and the notion of G-equivariant commutant d-containment introduced in Subsection 4.2. Precisely, if θ : A → B has G-equivariant order zero dimension (with commuting towers) at most d, then B is commutant d-contained (with commuting towers) in A.
Lemma 4.11. Let C be a unital G-C*-algebra, let A and B be G-C*-algebras, let κ be a cardinal larger than the density character of A and C, and let F be a countably incomplete κ-good filter. Suppose that θ : A → B is a Gequivariant *-homomorphism, and let 1 C ⊗θ : A → C ⊗ max B be the map a → 1 C ⊗θ(a). If dim 
by the universal property of the maximal tensor product. One can then define
. These are well defined G-equivariant completely positive contractive order zero A-bimodule maps, which witness that dim
Recall that, if A is a C*-algebra and C is a unital C*-algebra, then the relative commutant of 1 C ⊗ A inside C ⊗ max A is equal to C ⊗ Z(A), where Z(A) is the center of A; see [2, Theorem 4] . Using this fact, the same proof as Lemma 4.11 shows the following. Lemma 4.12. Let C be a unital G-C*-algebra, let A and B be G-C*-algebras, let κ be a cardinal larger than the density character of A and C, and let F be a countably incomplete κ-good filter. Suppose that θ : A → B is a G-equivariant *-homomorphism, and let 1 C ⊗ θ : A → C ⊗ max B be the map a → 1 C ⊗ θ(a). If dim 4.4. Dimension functions. By a dimension function for (nuclear) G-C*-algebras we mean a function from the class of (nuclear) C*-algebras to {0, 1, 2, . . . , ∞}. (1) Nuclear dimension. Indeed, one can consider variables (z 0 , . . . , z d ) with sorts finite-dimensional C*-algebras F 0 , . . . , F d and then the formulas
In fact, one may just consider the same formulas η and ψ as in (1), together with
If x, y are n-tuples of variables, we write δ(x, y) for the formula max 1≤j,k≤n 
where ϕ is a positive quantifier-free L In the particular case when C is the G-C*-algebra C(G) endowed with the canonical shift action of G, this says that Rokhlin dimension (with commuting towers) is a commutant positively existentially axiomatizable (with commuting towers) dimension function.
The following is a consequence of Definition 4.19 and the syntactic characterization of commutant d-containment.
Proposition 4.21. Let dim be a dimension function for separable G-C*-algebras that is positively existentially axiomatizable (with commuting towers). Let A and B be separable G-C*-algebras such that A is commutant dcontained (with commuting towers) in B.
Then
Similarly, the following fact is a consequence of the syntactic characterization of G-equivariant d-containment, Remark 4.2, and Proposition 4.14. 
Proof. Denote by θ : A → C(G) ⊗ A the second factor embedding. Let Lt denote the action of G on C(G) by left translation, and denote by α the given action on A. Endow C(G) ⊗ A with the tensor product action γ = Lt ⊗ α. Then θ is G-equivariant, and hence it induces a *-homomorphism [29, Proposition 2.3] . Then the crossed product (C(G)⊗A)⋊ γ G is canonically isomorphic to A⊗K(L 2 (G)), and the fixed point algebra (C(G)⊗A) γ is canonically isomorphic to A. It follows that the map θ-defined right before Lemma 4.5-is canonically conjugate to σ, and θ| A G is canonically conjugate to ι. Using Lemma 4.13 at the first step, Lemma 4.5 at the second, and the above observations at the third, we get For separable unital A, the following first appeared as [30, Theorem 3.3] . The particular case of commuting towers has also been independently obtained in [32] , using completely different methods.
and
Proof. The first inequalities in Corollary 4.25 are due to the fact that the fixed point algebra A G of a G-C*-algebra is a corner of the crossed product A ⋊ G-see [61, Theorem] -and the fact that decomposition rank and nuclear dimension are nonincreasing when passing to hereditary subalgebras; see [50, Proposition 3.8] 4.5. Bundles. In this subsection, we generalize the main result of [15] to equivariant bundles; see Theorem 4.28. This result will be crucial in our applications to actions with finite Rokhlin dimension in Subsections 6.4 and 6.5.
We will need the following equivariant version of the Choi-Effros lifting theorem for compact groups. Proof. Use Choi-Effros to find a completely positive contractive lift ρ : B → A (which may be chosen to be unital if ϕ is). If µ denotes the normalized Haar measure on G, then it is easy to check that the map σ : B → A given by
is as in the statement.
Suppose that X is a compact metrizable space. The definition of C(X)-algebra can be found in [15, Definition 2.1]. We consider here the natural equivariant analog of a C(X)-algebra: Definition 4.27. Let A be a C(X)-algebra. For x ∈ X, denote by U x the open subset X \ {x} of X, and denote by A(U x ) the corresponding ideal of A. We say that A is a G-C(X)-algebra, if A is endowed with an action α : G → Aut(A) satisfying α g (A(U x )) ⊂ A(U x ) for all x ∈ X and all g ∈ G.
In the context of the above definition, given x ∈ X, denote by A x the quotient A/A(U x ) and by π x : A → A x the canonical quotient map. Then α induces actions α [24] .
Throughout the rest of the subsection, we fix a compact metrizable space X, a strongly self-absorbing G-C*-algebra (D, δ), and a separable unital G-C(X)-algebra A.
Definition 4.29. Let (B, β) and (C, γ) be G-C*-algebras, let ε > 0 and let F ⊂ B be a compact set. We say that a linear map ϕ :
The following is the analog of Proposition 4.1 of [15] . 
Proof. The only thing that needs to be checked is that the isomorphisms ϕ and ψ constructed in [15] , are equivariant, which is a routine computation.
We need an equivariant version of [15, Proposition 3.5] , in order to prove the analog of [15, Lemma 4.5] . We note here that when ε > 0 is small enough, then any unitary in A 
Proof. The proof in [15] We need an equivariant analog of a local approximate trivialization; see [15, Definition 4.3] . Since our notation differs slightly from the one used in said paper, we reproduce the definition entirely. n , set Y = p(X). If C ⊂ Y is a closed subset, we write X C = p −1 (C). Let A be a unital G-C(X)-algebra A. We abbreviate A XC to A C , and A X {s} to A s , for s ∈ Y , while the fiber maps are denoted π C and π s , respectively. (We will not distinguish, as far as the notation is concerned, between fiber maps of different C(X)-algebras associated to the same closed subset of X.)
Suppose that D is a strongly self-absorbing G-C*-algebra, that each fiber of A is G-equivariantly isomorphic to D, and that for each s ∈ Y , there is a G-C(X s )-algebra isomorphism A s ∼ = C(X s ) ⊗ D. Let η > 0, let t ∈ Y , and let θ :
is a family of diagrams, indexed over s ∈ Y (t) , as follows:
g g P P P P P P P P P P P P P P where all C*-algebras are G-C(X)-algebras in the obvious way; each map is G-equivariant, unital and completely positive; and conditions (i) through (xii) in [15, Definition 4.3] are satisfied.
Existence of equivariant local approximate trivializations, in the sense of the definition above, is established similarly as in the nonequivariant case: Lemma 4.34. Adopt the notation and assumptions of the first two paragraphs of Definition 4.33, and assume moreover that D is unitarily regular. Then there exist a closed neighborhood
Proof. Again, the proof given in [15] requires only minor changes: the isomorphisms θ 
ti , and θ
t , for t ∈ [0, 1] and i ∈ I, can be chosen to be G-invariant by Lemma 4.32; in other words, the path t → u
carries the trivial G-action. The unitaries defined in (31) and (32) are automatically G-invariant. Finally, the maps ψ : A → C(X) ⊗ D and ϕ : C(X) ⊗ D → A are readily checked to be equivariant (observe that the structure map of a G-C(X)-algebra is equivariant when C(X) is endowed with the trivial G-action). This finishes the proof.
G-equivariant D-absorption. We start by providing a new characterization of G-equivariant D-absorption.
The nonequivariant case (when the group is trivial), has recently been observed in [38] . † denote its minimal unitization, endowed with the canonical G-action. The tensor product C(D)
† has a canonical G-equivariant character. We let E be its the kernel, which is a G-invariant ideal. Observe that if B is a unital C*-algebra, then (d + 1)-tuples of G-equivariant completely positive contractive order zero maps D → B with commuting ranges and unital sum, are into one-to-one correspondence with unital G-equivariant *-homomorphisms E → B. This follows form the structure theorem for completely positive contractive order zero maps [71, Corollary 4.1]-or, more precisely, its equivariant counterpart [31, Corollary 2.10]-and the universal properties of unitization and tensor products. Therefore, in order to conclude the proof, it is enough to show that E is G-equivariantly D-absorbing.
Denote by X the spectrum of the center of E, which is a subspace of the (d + 1)-dimensional cube [0, 1] d+1 . Thus, X is a compact metrizable space. Moreover, the G-C*-algebra E is easily seen to be a G-C(X)-algebra with fibers isomorphic to D. By Theorem 4.28, we conclude that E is G-equivariantly isomorphic to C(X) ⊗ D, and in particular is G-equivariantly D-absorbing. This finishes the proof.
In view of Remark 4.9, one can reformulate The following is the main result of this subsection. The conclusion is new even in the nonequivariant setting. Recall that Z-absorbing strongly self-absorbing actions are automatically unitarily regular. 4.7. Examples and applications to dimensional inequalities. In this section, we exhibit some examples of embeddings with finite order zero dimension, and use them to deduce some dimensional inequalities, particularly for nuclear dimension and decomposition rank. We need to extract a technical fact from Section 5 of [54] . If a, b are elements of a C*-algebra A, we write a ≈ ε b to denote that a − b < ε.
Lemma 4.39. Let n ∈ N, and let ε > 0. Then there exist completely positive contractive maps λ 0 , λ 1 :
Proof. See the first part of proof of Theorem 1.1 in Section 5 of [54] . Proof. Since any two unital embeddings of Z into U are approximately unitarily equivalent, and Z ⊗U is isomorphic to U , we may assume, without loss of generality, that θ is the first tensor factor embedding Z → Z ⊗ U . Let F be the filter of cofinite subsets of N. Write U as an increasing union U = n∈N M kn of matrix algebras M kn . Using injectivity of M kn , choose a conditional expectation E n : U → M kn . For n, m ∈ N, let λ 
which is an order zero map. Note that λ
) n∈N for all x ∈ U . Then ψ j is order zero, and ψ 0 (1 U )+ψ 1 (1 U ) is equal to the identity of F ( F Z). We obtain a commutative diagram
, where the maps from C are the canonical unital homomorphisms, and the lower horizontal map is the canonical diagonal *-homomorphism ∆ F Z : F Z → F ( F Z). We claim that there are completely positive contractive order zero maps ϕ 0 , ϕ 1 : U → F Z such that ψ j = ∆ F Z • ϕ j for j = 0, 1. This (and in fact, a more general statement) can be proved along the lines of [29, Lemma 4.18] , replacing condition (2) in its proof with the following:
We omit the details. The fact that dim oz (θ) ≤ 1 now follows from Lemma 4.11. It remains to show that dim oz (θ) > 0. Since dim nuc (Z) = 1 and dim nuc (U ) = 0, the claim follows from Proposition 4.22 for dim = dim nuc .
In the proof of the next theorem, given C*-algebras A and B, given ε > 0 and given a finite subset F ⊂ A, we say that a linear map ϕ : A → B is ε-order zero on F , if ϕ(ab) < ε for all a, b ∈ F satisfying ab = a * b = ab * = a * b * = 0. 
Since O ∞ is isomorphic to its infinite tensor product, we may choose ϕ 0 and ϕ 1 to satisfy ϕ j (y)a − aϕ j (y) < y ε/5 for j = 0, 1, for all y ∈ O 2 and for all a ∈ F . (For instance, find m ∈ N and a finite subset
O ∞ denoting the (m + 1)-st tensor factor embedding, the maps ϕ j • ι m+1 , for j = 0, 1, will satisfy the condition above.) Likewise, since O 2 is isomorphic to its infinite tensor product, we may also assume that k j b − bk j < ε/5 for j = 0, 1 and for all b ∈ H. Define completely positive contractive maps γ 0 , γ 1 : O ∞ ⊗ O 2 → O ∞ on simple tensors as follows: for x ∈ O ∞ and for positive y ∈ O 2 , set
We claim that γ 0 and γ 1 are ε-order zero on F ⊗ H, that ((γ 0 + γ 1 ) • θ)(a) ≈ ε a, and that γ j (a) ≈ ε γ j (1)a for all j = 0, 1 and all a ∈ F . To show the first part of the claim, it is enough to observe that when x ∈ F and y ∈ H, we have γ j (x ⊗ y) ≈ 4ε/5 ϕ j (k j y)x for j = 0, 1. For the second one, a similar reasoning applies, since for a ∈ F we have γ j (a ⊗ 1 O2 ) ≈ 2ε/5 ϕ j (k j )a, and hence
as desired. The third part of the claim also follows, since we have γ j (a) ≈ 2ε/5 ϕ j (k j )a = γ j (1)a for j = 0, 1 and for a ∈ F . This proves the result for A = O ∞ .
When A is an arbitrary Kirchberg algebra, the claim follows from the first part of the proof and part (2) When A = O 2 , then any inclusion into O 2 is approximately unitarily equivalent to the identity, which clearly has order zero dimension zero. Since having a positively existential embedding into O 2 implies absorbing O 2 , it follows that dim oz (θ) = 1 whenever A is not O 2 .
In particular, we recover from Theorem 4.41 the following dimensional estimate from [54, Theorem 7.1] . The actual nuclear dimension of Kirchberg algebras has recently been computed in [10, Theorem G] : it is always 1. We nevertheless present this consequence to illustrate the applicability of our techniques. Proof. This follows immediately from Theorem 4.41, Proposition 4.22, and the fact that dim nuc (O 2 ) = 1.
In the next result, we endow Z, O 2 , O ∞ and the UHF-algebra with the trivial G-action, and we endow all tensor products with the diagonal action.
Theorem 4.43. Let A be a G-C*-algebra, and let dim be a positively ∀∃-axiomatizable dimension function for G-C*-algebra. Let U be a UHF-algebra of infinite type. Then
Proof. This is a consequence of Theorem 4.40, Theorem 4.41, part (2) of Proposition 4.4, and Proposition 4.22.
We want to highlight two important consequences of Theorem 4.43. One of them is obtained by letting dim be the Rokhlin dimension. In this case, and again endowing Z, O 2 , O ∞ and the UHF-algebra with the trivial G-action, and all tensor products with the diagonal action, we deduce the following dimensional inequalities (compare with Section 4 of [31] ).
Corollary 4.44. Let A be a G-C*-algebra, and let U be a UHF-algebra of infinite type. Then
The other consequence is obtained be letting dim be either the nuclear dimension or the decomposition rank. The estimates involving nuclear dimension have previously been observed in [3, Section 3] , while the estimates for the decomposition rank are new.
Corollary 4.45. Let A be a C*-algebra, and let U be any UHF-algebra of infinite type. Then
4.8. Rokhlin dimension and strongly self-absorbing G-C*-algebras. In this subsection, and since we consider different actions on the same C*-algebra, we denote by dim c Rok (A, α) the Rokhlin dimension with commuting towers of the G-C*-algebra (A, α). The following is one of our main technical results.
Theorem 4.46. Let α be a continuous action of G on a C*-algebra
Proof. We prove the first assertion. The proof of the second assertion is analogous. Fix a nonprincipal ultrafilter U over N. We denote by F U (A) the Kirchberg invariant of (A, ι A ) (endowed with the trivial action), and by F G U (A) the Kirchberg invariant of (A, α) (endowed with the canonical G-action obtained from α). Since dim c Rok (α) ≤ d, it follows from the reformulation of Rokhlin dimension in terms of commutant d-containment and Proposition 2.9 that for any separable C*-subalgebra C of F U (A) there exist G-equivariant completely positive contractive order zero maps ψ 0 , . . . ,
When G is finite, the maps witnessing that (A, α) d (A, ι A ) can be constructed explicitly, so we outline this first. For g ∈ G, let δ g ∈ C(G) be the characteristic function of {g}. Define maps
. Then these maps witness the fact that (A, ι A ) is G-equivariantly commutant d-contained in (A, α) .
Suppose now that G is an arbitrary compact second countable group. Below, if a and b are elements of a C*-algebra and ε > 0, we write a ≈ ε b to mean that a − b < ε. Let ρ be a left invariant metric on G. Fix a finite subset F of positive elements of C and ε > 0. The argument in [29, Proposition 2.11] shows that there exist δ > 0, a finite subset K of G, and a partition of unity (f g ) g∈K of G satisfying:
(1) f g ∈ C(G) is a positive contraction for all g ∈ G;
(2) f g and f h are orthogonal whenever g, h ∈ G satisfy ρ(g, h) > δ; (3) for every a ∈ F , we have α g (a) ≈ ε α h (a) whenever g, h ∈ G satisfy ρ(g, h) < δ; and (4) α h ( g∈K ψ j (f g )a) ≈ ε g∈K ψ j (f g )a for all h ∈ G and all a ∈ F .
Observe that η 0 , . . . , η d are completely positive contractive maps. Furthermore, for every 0 ≤ j ≤ d, if a, b ∈ F satisfy ab ≈ ε 0, then (1) and (2) imply that
By (3), we have α g (η j (a)) ≈ ε η j (a) for every g ∈ G, every j = 0, . . . , d, and every a ∈ F . Since ε > 0 and F ⊂ C + are arbitrary, it follows from Proposition 2.9 that there exist G-equivariant completely positive contractive order zero maps η 0 , . . . , η d : C → F G F (A) with unital sum. Since this is true for every separable C*-subalgebra C of We now arrive at one of the main results of this section. It asserts that, for a strongly self-absorbing C*-algebra, G-actions with finite Rokhlin dimension with commuting towers, on D-absorbing C*-algebras, automatically absorb the trivial action on D. 
, and tensor it with the identity on A to obtain a G-equivariant *-isomorphism
be the G-equivariant completely positive order zero map given by 
. Let π be as before, and consider the canonical G-equivariant *-homomorphism
defined as in the proof of Lemma 4.11. For j = 0, . . . , d, set
Then φ j is a G-equivariant order zero A-bimodule map.
Let (u λ ) λ∈Λ be an increasing approximate identity for A. For every λ ∈ Λ and j = 0, . . . , d, define
These maps satisfy are completely positive contractive order zero, have commuting ranges, and
for every d ∈ D and a ∈ A. By countable saturation of G U A, α , there exist G-equivariant completely positive order zero mapsη
satisfying a (η 0,λ + · · · +η 0,λ )(1) = a for every a ∈ A. Composing such maps with the canonical quotient mapping
gives G-equivariant completely positive order zero maps with commuting ranges η 0 , . . . Since id Z is unitarily regular and A is Z-absorbing (because it is D-absorbing), we also deduce that α absorbs id Z . Putting these things together, we deduce that
In other words, α absorbs δ, and the proof is finished.
Theorem 4.50 has a number of new and strong consequences, as already the case of the trivial action on D is new. For example, we derive now some dimension reduction type results. Roughly speaking, these statements say that, in some contexts, the Rokhlin property is equivalent to finite Rokhlin dimension with commuting towers. (By definition, a compact group action has the Rokhlin property if it has Rokhlin dimension zero.)
These are useful results, since proving directly that an action has the Rokhlin property is often challenging, and there are not many tools available. On the other hand, Rokhlin dimensional estimates are much easier to come by, particularly for finite groups. It follows from our results that, in some cases, knowing that the Rokhlin dimension is finite is enough to deduce the Rokhlin property. Having access to the Rokhlin property is extremely valuable, since it entails classifiability (of the action), and the structure of the crossed product is extremely well-understood; see [29] . Proof. Let δ : G → Aut(O 2 ) be any action with the Rokhlin property; one such action is constructed in [28] . By the classification theorem in [35] , the action δ is strongly self-absorbing. It follows from Theorem 4.50 that α absorbs δ, so α has the Rokhlin property. Finally, we obtain some new Rokhlin-dimensional estimates. The following one represents a satisfactory parallel with the {0, 1, ∞}-type behaviour that nuclear dimension and decomposition rank tend to have in the noncommutative setting. It is also particularly satisfactory, since proving finiteness of the Rokhlin dimension is a far easier task than proving that it is (at most) 1.
Corollary 4.53. Let G be a finite group, let A be a C*-algebra, and let α :
Proof. We apply Corollary 4.44 with U = M |G| ∞ , so that dim Rok (α ⊗ id U ) = 0 by Corollary 4.52. The second assertion follows from the first one and Theorem 4.50.
The next result is a dynamical version of the main result of [66] , which states that dr(C(X) ⊗ Z) ≤ 2.
Corollary 4.54. Let G be a finite group, let X be a compact Hausdorff space, and let α : G → Aut(C(X)) be induced by a free action of G on X. Then
Proof. This is an immediate consequence of Corollary 4.53, since α has finite Rokhlin dimension (with commuting towers) by Theorem 4.2 in [31] .
, and weakly L-equivalent to N if M and N have the same existential Ltheory. We will identify the existential L-theory of an L-structure with its weak L-equivalence class. It follows from saturation of ultrapowers and Los' theorem that M is weakly L-contained in N if and only if for some (equivalently, any) countably incomplete ultrafilter U, every separable substructure of M admits an L-embedding into U N . This is equivalent to the assertion that if a quantifier-free L-type is approximately realized in M , then it is approximately realized in N .
A class C of structures is said to be existentially L-axiomatizable if there is a collection (ϕ i ) of existential Lsentences such that, for every L-structure M , M ∈ C if and only if ϕ Definition A.1. A class C of (separable) structures is said to be definable by a uniform family of existential Lformulas if, for every k ∈ N, there exist n k ∈ N and an uniformly equicontinuous collections F k (x 1 , . . . , x n k ) of existential L-formulas, such that a (separable) L-structure M belongs to C if and only if for every k ∈ N and every a ∈ M n k there exists ϕ ∈ F k , such that M |= ϕ(a) ≤ 1/k.
Observe that if C is a class of (separable) structures definable by a uniform family of existential L-formulas, then C is closed under (countable) direct limits. We say that a property is definable by a uniform family of existential L-formulas if the class of L-structures satisfying that property is.
The We isolate the following fact, which is an immediate consequence of the semantic characterization of positive L-existential L-embedding. If F is a functor between two categories, we denote by F (θ) the image of a morphism θ under F . We regard the class of L-structures as a category with L-morphisms as morphisms. Proof. Since F preserves direct limits, it is enough to consider the case when M is separable. In this case, the conclusion is the consequence of the first assumption on the functor F and Condition (3) of Theorem A.6.
In particular, Proposition A.8 applies when the functor F preserves both direct limits and ultraproducts.
A.4. A more general framework. In this subsection, we consider a more general framework, that will later allow us to deal with not necessarily unital C*-algebras. For simplicity, we restrict to the single-sorted case. Consider the language L that contains • a collection of function symbols,
• a collection of relation symbols,
• a directed collection D of pseudometric symbols, and • a distinguished collection p(x) of quantifier-free positive primitive L-conditions. The pseudometric symbols are to be interpreted as pseudometrics in a given L-structure. We denote by p + (x) denotes the collection of conditions ϕ(x) ≤ r + ε whenever ϕ(x) ≤ r is a condition in p. We let ℘ fin (p + ) be the collection of finite subsets of p + . We will assume that if d 0 (t 0 (x), t 1 (x)) ≤ r is a condition in p for some d 0 ∈ D and L-terms t 0 , t 1 , then the condition d(t 0 (x), t 1 (x)) ≤ r also belongs to p for every d ∈ D. Furthermore, we assume that for any relation symbol B in L and function symbol f in L, the language L contains functions Suppose that (M i ) i∈I is a collection of L-structures, and F is a filter over I. We let M = i∈I M i be the cartesian product. For every i ∈ I and d ∈ D, define a pseudometric
Let now M F be the quotient of M by the equivalence relation (a i ) i∈I ∼ (b i ) i∈I if and only if d M ((a i ) i∈I , (b i ) i∈I ) = 0 for every d ∈ D. As before, we denote by a the equivalence class of the collection (a i ) i∈I . Set F M i to be the set of a ∈ M F such that for every q ∈ ℘ fin (p + ) the set {i ∈ I : a i is a realization of q} belongs to F . The interpretation in F M i of function and relation symbols from L is also defined in the usual way. For instance, if B is an n-ary relation symbol from L and a 1 , . . . , a n ∈ F M i , then we let B F Mi (a 1 , . . . , a n ) = lim sup i→F B(a 1,i , . . . , a n,i ).
Similarly, if f is an n-ary function symbol from L and a 1 , . . . , a n ∈ F M i , we let f F Mi (a 1 , . . . , a n ) be the element with representative sequence (f (a 1,i , . . . , a n,i )) i∈I .
The definition of L-structure guarantee that these definitions do not depend on the representatives, and define an L-structure F M i , which we call the reduced product.
Remark A.10. Let M be an L-structure, let t(x) be a positive primitive quantifier free type. Let κ be a cardinal larger than the density character of M and the density character of L, and let F be a countably incomplete κ-good filter. It follows from Proposition A.5 that the following statements are equivalent:
(1) t(x) is realized in F M (2) t(x) is approximately realized in F M (3) t(x) ∪ p(x 1 ) ∪ · · · ∪ p(x n ) is approximately realized in M .
By expanding the language to include constants to name elements of F M , one can deduce that F M is positively quantifier-free L-κ-saturated. One may also consider countably incomplete κ-good ultrafilters (rather than filters) and arbitrary quantifier-free types.
